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Combination of Multiple Isomorphous Replacement and Anomalous Dispersion Data
for Protein Structure Determination.
III. Refinement of Heavy Atom Positions by the Least-Squares Method
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In two earlier communications under the above title from this laboratory, it was shown how the com-
bination of isomorphous replacement and anomalous dispersion data can be used for establishing and
correlating the positions of the substituted heavy atoms in the derivative crystals. By suitably combining
the difference in amplitudes between the free protein and its heavy atom derivative with the difference
between the Friedel pairs for the heavy atom derivative, it is possible to obtain a quantity representing
the length of the heavy atom vector. This quantity, computed purely from experimental data, could be
used in applying the usual least-squares techniques for refining the positional and thermal parameters

of heavy atoms in the derivatives.

Introduction

For the satisfactory determination of phase angles in
proteins by the multiple isomorphous series method
(Harker, 1956; Dickerson, Kendrew & Strandberg,
1961) it is essential to have as the starting point as
accurate an estimate as possible of the substituted heavy
atom parameters. In two recent communications from
this laboratory (Kartha & Parthasarathy, 1964a, b;
hereinafter referred to as parts I and II) it was shown
that the combination of information obtained from
isomorphous derivative and parent protein crystals
with the anomalous scattering information from the
heavy atom derivative leads to easier location and cor-
relation of the heavy atom positions. In this paper it is
shown that a similar combination leads to better refine-
ment of the heavy atom parameters and, consequently,
a more reliable starting point for the protein phase
angle determination. In general, wherever possible, the
notation used here will follow that of parts I and II.

Heavy atom parameters

After finding the heavy atoms in the various derivatives
it becomes necessary to refine, as best as one can, their
various parameters. Assuming that the free protein as
well as the heavy atom derivative data have been placed
on the same scale, the main parameters to be refined
are (a) the coordinates of the heavy atom (b) their
thermal parameters, and (¢) the occupancy factor.

As pointed out by Dickerson et al. (1961), use of the
complete set of observed reflections for doing the usual
least-squares refinement of atomic parameters against
observed data became difficult, because one does not
have information about the phase angles to start with,
and without this one cannot find for the heavy atom
scattering a measured quantity |Fg|ons against which
the calculated |Fglcaic could be compared. Hence, in

some of the earlier attempts at refinement (Hart, 1961)
only a small part of the data was used, viz. the centro-
symmetric reflections only. In such a case, lack of
phase angle information reduces to a sign ambiguity
and one can get an experimental value of |Frulons by
assigning that sign which gives the smaller difference
between |Frlops and |FH|cate. In addition to the fact
that it uses only a very small part of the data, this
method has the disadvantage of not being able to
refine some of the parameters like the y parameters in
the case of space group P2;. Rossmann’s (1960) me-
thod, in which he refines the peaks in his correlation
maps, did, in fact, enable him to use the data from the
acentric reflections also. However, his method of
weighting reduces the effect of a large number of
reflections, and also makes uncertain the parameters of
any atoms that have the same, or nearly the same,
positions in the two derivatives. This is obvious if one
remembers that in his correlation maps the self-Pat-
terson peaks are negative and, hence, any common site
will have no maxima in the correlation maps, the posi-
tive and negative peaks cancelling each other. This
makes the refinement of parameters of common sites
uncertain. Unfortunately, this possibility occurs more
often than one expects from pure chance, and, hence,
it would be advantageous to have a method where one
refines the atomic parameters in one heavy atom deriv-
ative by comparing it only with the free protein data.
In the method indicated below, the coordinates in each
derivative are refined independently of other derivatives.

Length of heavy atom vector |Fi|obs

By combining the available experimental information
from the anomalous scattering of the heavy atom in
the heavy atom derivative, in addition to the usual
isomorphous derivative data, it is, however, possible
to supplement, in part, the unknown phase angle in-



884

formation and evaluate a quarntity |Fulons Which can
be compared with the length of the calculated heavy
atom vector |Fg|. It is then possible to apply ordinary
least-squares refinement techniques to improve the
heavy atom parameters in the usual way.

Consider Fig.1, which presents the vector diagram
showing the relationships between the magnitudes and
phase angles of the three vectors Fp, Fy and Fppy. From
this diagram it is seen that

|FH|2= |FPH|2+ |Fp|2—2|FpH|lFP| COoS ((ZPH —-Otp)
=(|Fpx| - |Fp))2+2|Fpxl|Fpl{1 - cos (apr—ap)} o

Now the first term on the right hand side of equation
(1) is the square of the difference in magnitude of the
structure amplitudes |Fpy| and |Fp| and, hence, is an
observed quantity. This difference has been designated
Ad|F|iso in part I (equation 3). The earlier refinements
were based essentially on this part only. It is the second
part that involves phase angles and, hence, is indeterm-
inate.

We can, however, get an estimate of the second part,
based on the anomalous scattering information avail-
able from the heavy atom derivative. From Fig. 1, con-
sideration of triangle ABC gives

|Ful/sin (epa —ap)=|Fp|/sin (aaz—apH)
so that

sin (OEPH—OCP)=(IFH|/|F}>]) sin (ozH—apH) .

@

In part I (equation 26), we have defined |Fx| sin (¢pa—
ag) as 4|F|ano and this quantity is obtained from the
difference in the measured structure amplitude and
its Friedel conjugate, and rescaling this difference by
multiplying by the factor f'g/2f;; where f"and "’ are the
real and imaginary components of the anomalously
scattering heavy atom. In practice, however, this scal-
ing factor is obtained by comparing the measured iso-
morphous derivative and anomalous scattering differ-
ences. Making this substitution, we get the expression

sin (¢pg—ap)= — A|Flano/| Fp| . (3)

From equation (3), it is seen that sin (¢py —ap) can be
deduced from measured quantities based on anomalous
scattering information and from this one can easily
compute the quantity cos («pr —ap), except for a sign
ambiguity, occurring in the right hand side of equation
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(1). If we make the very reasonable assumption that
the difference between the phase angles of the free
proteins and the heavy atom derivative, i.e. (¢pg—ap)
rarely exceeds ®/2, we can rule out the negative value
of cos (apm —ap). This leads to the expression

|Fr|?=(d4|F|is0)?+ 2| Fpul|l Fp|
x [1 —{1—(4|Flano/|FPI)?}*] (4

where the positive square root is always implied in
equation (4). In most cases it may further be that
|Fy| is small compared with |Fp| and |Fpy] and for all

practical purposes one could replace |Fpl[Fpn| i
equation (4) by |Fp|?, thus reducing this equation to
equation (24) of part I. In an actual case studied, it was
found that this assumption caused no additional errors
and led to same final result as when the more accurate
equation (4) was used. All terms on the right hand side
of equation (4) being known, the actual length of the
vector Fy can be computed from measured quantities
alone and this length can be denoted by |F|ons. These
values can be used for refinement of the heavy atom
parameters by the least-squares method by comparing
them with the quantities |Fgcale, the length of the
heavy atom vector computed on the basis of the as-
sumed parameters. It may be pointed out that even
the assumption that (epy —ap) is always less than m/2
and, hence, only the positive square root need be taken
c
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Fig.1. Vector diagram showing relationship between magni-
tudes and phase angles of Fp, Fpy and Fh.

Table 1. Discrepancy residuals for four cycles of least-squares refinement

|Flobs1 is full [Fx| amplitude and |Flovs2 is the amplitude designated in the text as |Fliso. R values are given in percentages. All
five derivatives contained two main heavy atom sites.

R with | Flobsy
Deriva- Cycle Cycle Cycle Cycle
tive 1 2 3 4
1 56-9 417 364 36-3
2 56-4 49-8 43-0 42-8
3 49-6 477 394 394
4 632 49-7 48-0 473
S 598 45-¢ 42-0 41-8

R with |Flobs2

Cycle Cycle Cycle Cycle
1 2 3 4
63-2 59-6 531 52-9
61-2 60-5 53-3 53-3
576 574 527 52-8
67-6 63-6 60-1 59-6
635 599 532 53-0
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in equation (4), can be avoided by adopting a least-
squares procedure similar to that of Hart (1961) by
comparing | Fy|caic With the value of | Fxlobs, using both
possible signs of the square root. However, it is very
doubtful whether this extra complication is worth
while in most practical cases of protein heavy atom
derivatives.

Practical application to ribonuclease

The heavy atom parameters used in determining phase
angles of reflections from ribonuclease were refined by
the least-squares method. The six anisotropic thermal
parameters as well as three positional coordinates of
the heavy atoms were varied, the occupancy being
fixed by the peak heights in the heavy atom difference
Fourier synthesis. Refinements were carried out by
comparing |Fglcaic against (i) |Flops; obtained from
equation (4) in its simplified form and (ii) |Flobs2=
A|F|iso. In Table 1 are given the results of least-squares
runs for heavy atom refinements for five heavy atom
derivatives. In this table all derivatives contained two
heavy atoms per asymmetric unit and about 1000
reflections were used in performing the refinement.

It is seen that even though the discrepancies are very
large compared with usual standards of single-crystal
X-ray analysis, for all the derivatives for which refine-
ment computations were run, the discrepancy index
R was 10 to 16% lower when refinements were carried
out with |Flobs;. However, in the cases studied of
ribonuclease derivatives, where the number of heavy
atoms refined was only two, refinements with |Flobs;
and |Flobs2 both gave practically the same positional
parameters when more than 1000 reflections within
4 A sphere were used in the least-squares cycles. This
was repeatedly tested by deliberately shifting the input
coordinates from their correct positions and then sub-
jecting them to least-squares refinements, first with
amplitudes | F|obs; and then | Flons,. It was noticed that,
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as long as the shifts were less than about 1-5 A, both
refinement runs converged at about the same rate to
the correct heavy atom positions. It may be that, in
spite of the much larger disagreement between |F|obs
and |Flcalc in the case of |F|ops» refinement, the ratios
of the number of reflections to number of parameters
in these cases are so large that the coordinate refine-
ments were equally fast in both cases. However, this
was not the case for the thermal parameters; those
obtained by refinement involving | F|ons; converge faster
and look more reasonable than those when |Flops, are
used. There is reason to hope that, even in the case of
positional parameters, the refinement rates would be
better for the |F|ons; amplitudes for problems where
the ratio of number of reflections to number of co-
ordinates is not as large as in this case.
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